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Abstract: One of the goals of teaching applied descriptive geometry to the students of Mechanical 

Engineering is the acquisition of knowledge and formation of skills in orthogonal projection of basic 
volumetric primitives and their intersection. The developed elements can be connected in various 
combinations whose diversity gives infinite opportunities predefined by the specific requirements of 
design and technology.  

Good knowledge of the properties and actual forms of different types of the geometrical bodies 
projected is the guarantee for their correct projecting.  

The paper presents the specifics of orthogonal projecting of inclined conical bodies and focuses 
on the relevance of traditional methods for finding the line of bodies’ intersection in space. 
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INTRODUCTION  
 

Descriptive geometry features a wide variety of tasks 
given to the students of Mechanical Engineering, the aim 
being the acquisition of knowledge and skills in the 
subject of projecting intersecting forms. 

Cylindrical and conical volumetric primitives 
intersecting in various ways are one of the most common 
forms in engineering practice and the purpose is to locate 
them in an isolated position in drawings. The cases in 
which intersecting cylindrical and conical forms should 
be drawn appear to be a great challenge in engineering 
drawing as these elements are also most intricate to 
project.  

Diverse software exists in contemporary graphics 
practice offering a rapid solution to the tasks mentioned 
above, and if there is a need for developments of the 
adjacent plane, they are generated automatically without 
designers being aware of how this has happened. 

As a matter of fact, this type of geometry is rather 
intricate for most learners but over-simplification of 
these concepts would lead to lack of profound knowledge 
in the fundamentals of orthogonal drawing.  

Not being aware of the basics of any scientific field 
and working only in the area of superficial knowledge is 
not a good practice in any applied scientific field.  

The paper presents the intersection of inclined conical 
planes, their properties and the relevance of traditional 
methods used for finding the space curves of intersection 
between bodies. 

 
2. INTERSECTION OF INCLINED CONICAL 
PLANES BY THE METHOD OF AUXILIARY 
CONCENTRIC SPHERES 
 

When looking at the topic of intersecting cylindrical 
and conical bodies, students’ textbooks on descriptive 
geometry make use of elaborate methods such as “The 
Method of Auxiliary Planes though a Straight Line” or 
“The Method of a Family of Parallel Planes”. These 
methods may appear repulsive to the learners of 
descriptive geometry not because of their complexity but 

because of the great number of lines which often causes 
confusion. 

One of the easiest and quickest methods used in 
solving this kind of tasks is “The Method of Auxiliary 
Concentric Spheres”. The main peculiarity of the latter 
is that it is applied only for rotating bodies with 
intersecting axes which is the commonest case in 
practice.  In this case spheres, with their center being the 
point of intersection of the bodies, act as auxiliary planes. 
One of the auxiliary spheres intersects each rotating 
plane in parallel circumferences since their centre lies on 
the axes of both. These circumferences intersect in points 
on the line of the intersection of the rotating planes. They 
lie on planes perpendicular to the axes and hence 
perpendicular to the plane defined by the axes 
themselves. In this way, their projections on the plane of 
the axes or on a plane parallel to the latter are intercepts 
and their intersecting points are directly defined. For this 
reason, this method is applied when the plane of the axes 
is parallel to any of the projection planes.  When the 
planes of the axes are in general position, it is necessary 
for them to be rendered into an isolated case by 
introducing an auxiliary projection plane [1], [2], [3], [4].  

Figure 1 illustrates the example most commonly 
given in the textbooks on descriptive geometry. Here the 
projection plane is parallel to the plane defined by the 
intersecting axes of the two cones. The solution to the 
task is easy and quick to draw.  

Let us look at the solution of a task in which two 
inclined cones intersect. The requirement for the 
intersecting axes to be parallel to one of the projection 
planes is met. For greater convenience, the bases of the 
cones are circumferential. As can be seen, each of the 
auxiliary spheres intersects the conical surfaces in 
parallel circumferences whose centres lie on the 
intersecting axes. The parallel circumferences lie on 
planes perpendicular to the axis of each of the bodies and 
therefore they are perpendicular to the plane defined by 
the axes (fig. 2a).  

It turns out that the axes of the inclined circular cones 
are translated in such a way that the axis which as a rule 
should be a bisectrix of the projected conical surface  
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does not coincide with the axis drawn from the vertex of 
the cone to the centre of the base (by definition). For this 
reason, in order to make it possible to apply the method 
of the intersecting axes, we have chosen the translated 
axes (see fig. 2a, point S) as the initial ones are 
excentrically positioned (i.e. they are not bisectrices to 
the vertices of the cones). Therefore, in the case of 
inclined circular cones the axes change their position. 

Fig. 2 shows the measurement of the angles resulting 
from the intersection of the parallel circumferences and 
the two types of axes. As can be seen, the angle between 
the axis passing from the vertex of the body to the centre 
of its base on one hand, and the plane of the parallel 
circumferences on the other hand is 880 (fig. 2b in black), 
and the angle between the axis appearing to be the 
bisectrix to the vertex of the cone and the circumference 
is 900 (fig.2b in green).  

 After obtaining this property of inclined conical 
cones as a result, we need to answer the following 
question: Is the solution to the task above accurate as the 
axes by definition cannot be used? 

To find the answer to this question we can use the 
other well-known methods and compare the results 
afterwards. 

 
3. INTERSECTION OF INCLINED CONICAL 
SURFACES BY THE “METHOD OF A FAMILY 
OF PARALLEL PLANES” 

 
The same task was solved once again this time using the 
“Method of a Family of Parallel Planes” (fig. 3). For 
greater   clarity,  each  of  the  planes   is   presented  in  a  

different colour.  According to the principles of 
homothety, the section of each of the inclined cones with 
each of the intersecting planes parallel to their bases is a 
circumference. Тhe points of intersection of the obtained 
pairs of circumferences from each intersecting plane 
determine the spatial line of intersection between the 
bodies presented in the adjacent projection. Obviously, 
the solution obtained by this method is different from the 
one obtained by the “Method of Auxiliary Concentric 
Spheres”. In fig. 3 the solution by the “Method of a 
Family of Parallel Planes” is presented in black and the 
one by the “Method of Auxiliary Concentric Spheres” is 
in grey [5], [6].   

 
 

   
 

Fig. 1 Intersection of cones. Method of Auxiliary 
Concentric Spheres [1], [2]. 

 

 
а) 
 

 
 
b) 
 

Fig. 2 Intersection of inclined circular cones. Method of 
Auxiliary Concentric Spheres. 
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Fig. 3 Intersection of inclined circular cones. Method of a 
Family of Parallel Planes. 

 
4. INTERSECTION OF INCLINED CONICAL 
SURFACES BY “THE METHOD OF AUXILIARY 
PLANES THROUGH A STRAIGHT LINE” 

 
In order to be absolutely sure in the accuracy of the 

solutions we solved the same task by using “The Method 
of Auxiliary Planes through a Straight Line”. 

The drawing in fig. 4 shows the solution to the task 
by “The Method of Auxiliary Planes through a Straight 
Line” in black, and the one by “The Method of Auxiliary 
Concentric Spheres” in grey. The results differ in this 
case as well.   

It is important to note that in this case, the solutions 
obtained by both “The Method of a Family of Parallel 
Planes” and “The Method of Auxiliary Planes through 
a Straight Line” coincide and on the other hand they 
differ from the solution by “The Method of Auxiliary 
Spheres”. 

The results obtained from all three solutions raise 
doubts that there must be a problem with the relevance of 
“The Method of Auxiliary Concentric Spheres” used or 
with the dimensions and form of the inclined cones [7], 
[8], [9]. 
 
5. STUDY OF THE DIMENSIONS AND FORM OF 
AN INCLINED CIRCULAR CONE 
  

With the purpose of the study, an interception of an 
inclined circular cone placed in a general position with a 
plane intersecting its axis perpendicularly has been done. 
The solution of the task is given in fig. 5. From the 
solution obtained by “The Method of Rotation” is seen 

that it is elliptical and the axis of the body (in black) does 
not coincide with the centre of intersection. On the other 
hand, the centre  of intersection  coincides  with  the  axis 

 

appearing to be the bisectrix to the vertex of the cone (in 
green). Obviously, the axis has changed its initial 
position. Now it is clear why the solution to the task by 
“The Method of Auxiliary Concentric Spheres” was 
incorrect. 

In this case we can make the conclusion that since the 
inclined circular cones are not rotating bodies (although 
we are used to thinking of them as such), then this 
method is not relevant to be applied because when 
intersecting the cones with auxiliary spheres there will 
not be parallel circumferences obtained as a result. 

As a matter of fact, in descriptive geometry textbooks 
for greater convenience, mainly circular cones are used 
and when they are right, i.e. with their axis perpendicular 
to their base, they tend to be rotating as well.  

 
а) 

 
b) 

 
Fig. 4 Intersection of inclined circular cones. Method of 

Auxiliary Planes through a Straight Line. 
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Thus the reason why there are no solutions with 
inclined circular cones by “The Method of Auxiliary 
Concentric Spheres” has been identified. 

Logically, a question arises: why there is no solution 
with inclined rotating cones? Most probably one of the 
reasons is that they are more difficult to construct.  

Fig. 6 illustrates an inclined rotating cone located in 
general position and it is proved, again by “The Method 
of Rotation”, that its section is a circumference (in 
black). It can also be seen that in all projections as well 
as in the section the diameter of the cone is always a 
constant, unlike the section of the inclined circular cone 
which is projected with different dimensions on each of 
the projection planes (fig. 5).  

The inconvenience when working with rotating cones 
is that their bases are projected as an ellipse which is 
completely explicable since it is known that the 
intersection of a right cone with a plane positioned at an 
angle different from 00 or 900 is an ellipse. However, in 
each case the elliptical base is oriented in different 
directions in space depending on the direction of cone 
inclination which makes its construction difficult. 
Despite this fact, if the requirement for the axis of 
rotation to be a bisectrix at the vertex at the same time is 
met, then it would be easier to construct such a rotating 
cone.  The length of the major axis of the ellipse will be 

obtained from the projection connection whereas the 
minor axis preserves the length of the diameter of the 
inclined rotating cone (fig.6). 

 

 
 

Fig. 5 Intersection of an inclined circular cone with a plane 
perpendicular to its axis. Defining the real dimensions of the 

section. 

 
 

Fig. 6 Intersection of an inclined rotating cone with a plane 
perpendicular to its axis. Finding the real dimensions of the 

section.  
 

 
    
Fig. 7   Intersection of inclined rotating cones.  The Method of 

Auxiliary Concentric Spheres. 
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Fig. 7 presents the intersection of 

inclined rotating cones, the solution 
being obtained by “The Method of  
Auxiliary Concentric Spheres”. As can 
be seen, all the requirements of the 
method have been satisfied and the 
intersecting inclined cones are rotating 
which is proved by the fact that the 
projections of their bases on the 
horizontal plane are ellipses. 

The same case of inclined cones is 
illustrated in fig. 8 but this time for 
finding the intersection line “The 
Method of a Family of Parallel Lines” 
has been used. Following the principles 
of homothety, the sections obtained are 
also ellipses. 

The solution is obtained by the 
points of intersection of the elliptical 
sections. The spatial curve of the 
intersection between the bodies is 
obtained by translating the sections in 
the adjacent projection and connecting 
them in succession. Comparing the 
curves obtained by the two methods, 
we can see that they coincide 
completely.  
 

 
 

Fig. 8 Intersection of inclined rotating cones. Method of a 
 Family of Parallel Planes. 

 

a)                     b) 
 

Fig. 9   Intersection of inclined rotating cones. Method of Auxiliary Planes through a Straight Line. 
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Fig. 9 shows the intersection of the same rotating 
cones as in the other figures but this time the solution is 
obtained by “The Method of Auxiliary Planes through a 
Straight Line”. Finding the solution by this method is 
most time-consuming and confusing for the person doing 
the task. For the purposes of clarity different colours 
have been used. As can be seen, the solution obtained 
completely coincides with the solutions of both previous 
methods. 

 
6. CONCLUSIONS 
 

The only reason for obtaining an inaccurate solution 
by “The Method of Auxiliary Concentric Spheres” is 
the insufficient knowledge of the real form and 
dimensions of the various types of cones and hence the 
unawareness of the relevance of the traditional methods 
for finding the spatial line of intersection between the 
bodies. 

As it has been proved, “The Method of Auxiliary 
Concentric Spheres” can be applied only for inclined 
rotating cones and the inclined circular ones do not 
pertain to that class although we are accustomed to 
thinking of all cones as rotating bodies.  

“The Method of Auxiliary Concentric Spheres” is 
quick and easy to use. Despite this, incorrect solutions 
might be obtained due to failure to meet the following 
requirements for the relevance of the method: 

1. This method is relevant for rotating bodies only, 
the circular cones being excluded. Therefore the method 
is irrelevant for them; 

2. The bodies’ axes must intersect; 
3. The axes of the intersecting bodies must lie on a 

plane parallel to any of the projection planes. 
All these requirements could not be met if there is no 

profound knowledge of the real dimensions and form of 
different types of cones.  
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